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It has recently been shown that the ten-dimensional superstring can be quantized using
the BRST operator Q =
∮
d where  is a pure spinor satisfying γm = 0 and d is
the fermionic supersymmetric derivative. In this paper, the pure spinor version of superstring
theory is formulated in a curved supergravity background and it is shown that nilpotency and
holomorphicity of the pure spinor BRST operator imply the on-shell superspace constraints of
the supergravity background. This is shown to lowest order in 0 for the heterotic and Type II
superstrings, thus providing a compact pure spinor version of the ten-dimensional superspace
constraints for N = 1, Type IIA and Type IIB supergravities. Since quantization is straightfor-
ward using the pure spinor version of the superstring, it is expected that these methods can also
be used to compute higher-order 0 corrections to the ten-dimensional superspace constraints.
1 Introduction
For many purposes, superstring theory is most conveniently expressed as an eective eld the-
ory of its massless modes consisting of supergravity theory together with corrections arising
order by order in 0. In principle these higher order corrections can be obtained by computing
scattering amplitudes or by demanding consistency of the superstring sigma model in a curved
background. However, neither of these procedures is easy to carry out in superstring theory in
a way in which spacetime supersymmetry is guaranteed. In the Ramond-Neveu-Schwarz (RNS)
formalism, it is dicult to introduce fermionic or Ramond-Ramond background elds, while the
Green-Schwarz (GS) formalism ensures spacetime supersymmetry but is dicult to quantise.
Although the hybrid formalism for the superstring can be used to compute 0 corrections in
a manner which manifestly preserves D=2 [1], D=4 [2], or D=6 [3] super-Poincare covariance,
one needs a D=10 covariant formalism if one wants to describe the superstring in arbitrary
supergravity backgrounds.
In this situation, one might try to study the constraints that ten-dimensional supersymmetry
imposes on higher-order contributions to the eective action. One diculty here is that, with
the exception of the supergravity sector of the heterotic string, it is not known how to construct
any superspace actions due to the absence of any known sets of auxiliary elds. Even in the
heterotic case, the auxiliary elds are rather complicated [4] and it is not clear how to construct
higher order actions which correspond to superstring corrections, although the R4 invariant was
discussed from this point of view in [5]. It seems that additional input apart from supersymmetry
is required. On the other hand, it has been possible to obtain information about some particular
terms, for example in the work of [6, 7, 8, 9, 10, 11, 12]. Other approaches to the problem have
involved supersymmetrisation of bosonic sigma model terms [13] for the heterotic string [14, 15],
and studying corrections to heterotic superspace constraints directly [16, 17], which has at least
been successful in incorporating anomaly terms. This work has been reviewed in [18] where string
results were used to partially construct R4 corrections in M-theory. Other recent approaches to
supersymmetrizing the R4 term in M-theory are described in [19] and [20].
The fact that one is forced to look at the equations of motion rather than Lagrangians
suggests that a way forward might be to understand the geometry behind these equations.
Many years ago, Witten showed how the N=1 D=10 superspace Yang-Mills equations can be
understood in terms of integrability along light-like lines and how this is related to -symmetry
of the superparticle action [21, 22]. This sort of analysis was subsequently carried out for the
heterotic [23] and IIB strings [24], and reinterpreted in terms of light-like integrability in loop
superspace in [25, 26], at least for the heterotic case.
In some related work, one of the present authors showed that light-like integrability could
be replaced by integrability along pure spinor lines, and that this can also be employed in
eleven dimensions in the context of the supermembrane [27]. A virtue of this approach is
that it is simpler than light-like integrability, but, at the time, it wasn’t entirely clear how
it was related to particle or string actions. More recently, the other author has shown that
ten-dimensional superparticles and superstrings can be eectively quantised using pure spinor
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variables [28, 29]. These pure spinor variables can be interpreted as bosonic ghosts for a fermionic
symmetry, although it is not currently fully understood how this can be implemented in a
worldsheet reparameterization invariant fashion. Nevertheless, the nal gauge-xed action does
have manifest spacetime supersymmetry and correctly xes the central charge to be zero. Unlike
the GS formalism, however, the pure spinor formalism has the tremendous advantage that it
can be quantised straightforwardly since the action is free in a flat background.





where  is a bosonic pure spinor variable satisfying1
γm
 = 0 (2)
for m = 0 to 9, and d is the worldsheet variable corresponding to the N=1 D=10 spacetime
supersymmetric derivative. In a flat background,  and d are holomorphic and d satises
the OPE d(y)d(z) ! −i0(y− z)−1γmm where m = @xm + i2γm@ is the supersymmetric
momentum. So γm = 0 implies that Q is nilpotent. A natural conjecture is that in a curved
supergravity/super-Yang-Mills background for the heterotic superstring, nilpotence and holo-
morphicity of d implies the superspace equations of motion for the background superelds.
Similarly, in the pure spinor formalism for the Type II superstring, the left and right-moving






where  and ^ˆ are independent pure spinor variables satisfying
γm
 = 0; ^ˆγm
ˆˆ
^ˆ = 0; (4)
for m = 0 to 9, and d and d^ˆ are worldsheet variables corresponding to the N=2 D=10
spacetime supersymmetric derivatives. In a flat background, d is holomorphic and nilpotent
whereas ^ˆd^ˆ is antiholomorphic and nilpotent. So it is natural to conjecture that in a curved
N=2 D=10 supergravity background for the Type II superstring, the superspace equations of
motion for the background are implied by the condition that these properties of d and ^ˆd^ˆ
are preserved.
In this paper, we shall verify the above conjectures to lowest order in 0 for the heterotic
and Type II superstrings in N = 1 and N = 2 supergravity backgrounds. This verication will
lead to new pure spinor versions of the superspace constraints for ten-dimensional N = 1, Type
IIA and Type IIB supergravity. These have the property that they are remarkably compact and
may be useful for studying other aspects of ten-dimensional supersymmetric theories such as
1We will use the notation where γm and γ
m  are 16  16 symmetric matrices which form the o-diagonal
blocks of the 32 32 ten-dimensional Γ-matrices in the Weyl representation.
2Throughout this paper, we will use spinor notation simultaneously for the Type IIA and Type IIB superstring
by imposing that  and ^ denote D=10 spinors of opposite chirality for the IIA superstring and denote spinors
of the same chirality for the IIB superstring.
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harmonic superspace. Furthermore, since the superstring action is quantizable, this conjecture
can be used in principle to compute the superspace equations of motion to arbitrary order in 0.
For the N=1 D=10 supergravity/super-Yang-Mills background of the heterotic superstring,
nilpotence of d will imply
T
C = HC = F I = 0 (5)
where TABC , HABC and F IAB are the superspace torsion, three-form eld strength and super-
Yang-Mills eld strength. These equations are identical to those derived from pure spinor
integrability in [27]. Since (5) must be satised for an arbitrary pure spinor  satisfying (2),
(5) implies that
(γmnpqr)TC = (γmnpqr)HC = (γmnpqr)F I = 0 (6)
for any self-dual ve-form direction mnpqr. Up to conventional constraints (which will be
implied by holomorphicity of d), the constraints of (6) will be shown to imply the standard
N=1 supergravity/super-Yang-Mills equations of motion.
For the N=2 D=10 supergravity background of the Type II superstring, nilpotence of d




C = 0; (7)
HC = ^ˆ^ˆHˆˆC = 
^ˆHˆC = 0:
Since  and ^ˆ are arbitrary pure spinors satisfying (4), (7) implies that
(γmnpqr)TC = (γmnpqr)ˆˆTˆˆ
C = Tˆ
C = 0; (8)
(γmnpqr)HC = (γmnpqr)ˆˆHˆˆC = HˆC = 0
for any self-dual ve-form direction mnpqr. Up to conventional constraints (which will be
implied by holomorphicity and antiholomorphicity of d and ^ˆd^ˆ), the constraints of (8)
will be shown to imply the standard Type II supergravity equations of motion. 3
In section 2 of this paper we shall use the heterotic superstring sigma model to derive a
pure spinor version of the N = 1 supergravity/super-Yang-Mills constraints, and in section 3
we shall use the Type II superstring sigma model to derive a pure spinor version of the Type
IIA and Type IIB supergravity constraints. In section 4 the pure spinor description of Type IIB
supergravity will be shown to agree with the standard Howe-West (HW) superspace description
of [30]. In section 5 we shall briefly discuss the the procedure for extending to higher order in
0 these computations of the ten-dimensional superspace constraints.
3As will be explained in section 3, the superspace torsion TAB
C appearing in (7) and (8) is not the usual one
since some of its components depend on a \left-moving" spin connection and some of its components depend on
a \right-moving" spin connection.
3
2 Heterotic Superstring Sigma Model
In this section, the pure spinor version of the heterotic superstring will be reviewed in flat and
curved backgrounds. Nilpotence and holomorphicity of d will then be shown to imply the
superspace equations of motion for the supergravity/super-Yang-Mills background.
2.1 Heterotic superstring in a flat background
In the pure spinor version of the heterotic superstring, the worldsheet variables consist of the
N = 1 D = 10 superspace variables (xm; ; p) for m = 0 to 9 and  = 1 to 16 where
p is the conjugate momentum to , as well as the left-moving pure spinor ghost variable
 and its conjugate momentum w, the E8  E8 or SO(32) right-moving currents JI , and
(b; c) right-moving Virasoro ghosts. Because  is dened to satisfy (2), it has only eleven
independent degrees of freedom and its conjugate momentum w is only dened up to the
gauge transformation w = m(γm) for any m. This gauge transformation can be used to
eliminate ve components of w, so both  and w have eleven independent components.


















@xm @xm − b@c− @(bc)) + TJ ; (10)
where S and SJ are the actions for  and JI , and T and TJ are the c = 22 and c = 16
stress tensors for  and JI . As described in [29], one can write explicit expression for S and
T by solving the constraint of (2) in terms of eleven chiral bosons (γ; uab) and their conjugate
momenta (; vab) where a = 1 to 5 and uab = −uba. However, these explicit expressions will not
be necessary here. We will only need to know that S is dened such that  has no singular
OPE with itself and Lorentz currents Nmn can be constructed out of  and its conjugate
momentum w as Nmn = 120γ





y − z (11)
Nkl(y)Nmn(z) ! 
m[lNk]n(z)− n[lNk]m(z)
y − z − 3
knlm − kmln
(y − z)2 : (12)








(y − z) (13)
where f IKL are the E8  E8 or SO(32) structure constants.
Physical states of the superstring are dened as vertex operators in the cohomology of the





(c T + c@cb) (14)
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where











are spacetime supersymmetric and satisfy the OPE’s [32]
d(y)d(z) ! −i0(y − z)−1γmm(z); d(y)m(z) ! i0(y − z)−1γm@(z): (16)
To construct the sigma model for the heterotic superstring, it will be useful to know the
integrated form of the massless supergravity and super-Yang-Mills vertex operators, VSG and
VsY M , which are
VSG =
∫












I (x; )) J
I ; (18)
where Nnp are the Lorentz currents for the pure spinor. Note that the rst two terms in VSG
and VsY M are the same as in the Green-Schwarz heterotic superstring vertex operators, but the
third and fourth terms are needed for the vertex operators to be BRST invariant. These two














Using the fact that  is proportional to γmnpqr(γmnpqr) and the OPE’s of (11) and
(16), one can check that QVSG = QVSG = 0 implies that
γnpqrsDAm = 0; @
m(@mAn − @nAm) = 0; (20)

















@m is the N=1 D=10 supersymmetric derivative. Similarly, QVsY M =
QVsY M = 0 implies that
γmnpqrDAI = 0; (22)
AnI = − i8Dγ










I = @[nAp]I :
(23)
Equations (20) and (22) are the linearized N = 1 supergravity and super-Yang-Mills equations
of motion written in terms of the superelds Am and AI , and equations (21) and (23) de-
ne the linearized supergravity and super-Yang-Mills connections and eld-strengths in terms
of Am and AI . For example, the on-shell graviton hnm and gluon anI are contained in
the i(γn)hnm(x) and i(γn)anI(x) components of Am(x; ) and AI(x; ). The linearized
equations of (20)-(23) will be generalized to covariant non-linear equations in the following
subsections.
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2.2 Heterotic superstring in a curved background
The heterotic sigma model action in a curved background can be constructed by adding the
massless vertex operators of (17) and (18) to the flat action of (9), and then covariantizing with
respect to N = 1 D = 10 super-reparameterization invariance. Alternatively, one can consider
the most general action constructed from the worldsheet variables which is classically invariant
under worldsheet conformal transformations. In addition, for quantum worldsheet conformal
invariance, one needs to include a Fradkin-Tseytlin term which couples the spacetime dilaton to
the worldsheet curvature.
Using the worldsheet variables dened in the previous subsection, we can write the heterotic








(GMN (Z)+BMN(Z))@ZM @ZN +EM(Z)d @Z
M +ΩM(Z)w @ZM (24)








0(Z)r + b@c] + S + SJ
where M = (m;) are curved superspace indices, ZM = (xm; ), A = (a; ) are tangent
superspace indices, S and SJ are the same as in the flat action of (9), r is the worldsheet
curvature, and [GMN ; BMN ; EM ;ΩM; AMI ;WI ; UI
;] are the background superelds.
The \metric" GMN is dened in terms of the vectorial part of the supervielbein by GMN =
EN
bEM
aab, and we shall dene EAM to be the inverse of EM A.
Ignoring the Fradkin-Tseytlin term
∫
d2z(Z)r, (24) is the most general action with classical
worldsheet conformal invariance and zero ghost number which can be constructed from the
heterotic worldsheet variables. Note that d carries conformal weight (1; 0),  carries ghost
number +1 and conformal weight (0; 0), and w carries ghost number −1 and conformal weight
(1; 0). Since the conjugate momentum ghost variable w can only appear in combinations which
preserve the gauge invariance w = a(γa); the background superelds ΩM and UI must

















It is worthwhile to pause here to say a few words about the geometry of the target space
which is implied by this action. Clearly, we identify EM A as the usual supervielbein matrix,
BMN as the two-form potential and  as the dilaton. The supereldAMI is the super-Yang-Mills
potential while the superelds WI and UI
 will turn out to be related to the spinor and vector
super-Yang-Mills eld strengths. The way in which the supervielbein enters into the action
indicates that the tangent space should be a direct sum of bosonic and fermionic subspaces.
This is dierent from the structure of the tangent space in the Green-Schwarz formalism since
the EM  components of the super-vielbein do not appear in the GS action. So one only needs to
specify the fermionic subspace of the GS tangent space (or, dually, the bosonic subspace of the
GS cotangent space). The form of the \metric" GMN = EN bEM aab shows that the structure
group in the bosonic sector is the Lorentz group while the existence of pure spinors implies that
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the fermionic structure group is the spin group times scale transformations. At this stage, the
two Lorentz groups (in the spinor and vector sectors) are independent, although later on we shall
choose a gauge with respect to one of them after which they will become identied. Note also
that the spin connection ΩM appears explicitly in the action. This implies that conventional
constraints corresponding to tensorial shifts of the connection are restricted by the demand that
the BRST operator and action be unchanged.
Taking all this into account we nd that, in addition to being invariant under target-space






 = @M + 
γ
ΩMγ







 − γUIγ ;  = γγ ; w = −γwγ ;
where  = (s)

 + 12
bc(γbc), bc and bc parameterize independent local Lorentz transfor-
mations on the vector and spinor indices, and (s) parameterizes local scale transformations on
the spinor indices. Furthermore, the action of (24) and the BRST operator d are invariant
under the local shift transformations
Ω(s) = (γc)h
c; Ωbc = 2(γ
[b)hc]; d = −Ωγwγ ; UI = W γI Ωγ; (27)
where Ωγ = EM ΩMγ , hc is a local gauge parameter, and the transformation of Ωγ has
been chosen such that d = 0. Note that d can be treated as an independent variable in
the action of (24) since p does not appear explicitly.
The rst term in the rst and second line of (24) is the standard heterotic GS action, but the
other terms will be needed for BRST invariance, just as in the linearized vertex operators of (17)
and (18). As will now be shown to lowest order in 0, nilpotence and holomorphicity of d
implies the equations of motion for the background superelds in (24). Note that nilpotence
and antiholomorphicity of the right-moving BRST current, c T + c@cb, does not impose any
conditions to lowest order in 0 because the action of (24) is classically conformally invariant.
2.3 Heterotic nilpotency constraints
We shall rst derive the constraints coming from nilpotency of Q =
∮
d. Dening the
canonical momentum PM in the usual manner as PM = @L=@(@0ZM ), one nds that
d = EM [PM +
1
2
BMN (@ZN − @ZN )− ΩMw −AMI JI ]: (28)
Using the canonical commutation relations
[PM ; ZN ] = NM ; [w; 
 ] = ; [ J








HM (@ZM − @ZM )−Rγγw − FI JI ] (30)
7
where DC = EMC (PM−ΩMw−AMI JI). The torsions TABC , three-form HABC , curvatures
RABγ
, and eld strengths FABI in (30) are dened by
[rA;rB] = TABCrC +R(s)ABS +RABabMab + FAB IY I ; HABC = 3EMA ENBEPC@[MBNP ]; (31)
where rA = EMA (@M + Ω(s)M S + ΩabMMab + AMIY I), S is a scale generator which transforms
E






cd(γcd)γ . Note that f[AB] signies the graded commutator, i.e. f[AB] = 12(fAB +
fBA) when both indices are fermionic and f[AB] = 12(fAB − fBA) otherwise.
So nilpotency of Q implies the constraints
T
C = HB = γRγ = FI = 0 (32)
for any  satisfying the pure spinor constraint of (2). Note that the γRγ = 0 constraint
is implied by TC = 0 through Bianchi identities.
As shown in [27], the constraints (32) follow from pure spinor integrability in loop superspace
and imply all the essential N=1 supergravity/super-Yang-Mills constraints. Indeed, the chirality
operator introduced in [27] in pure spinor loop superspace precisely coincides with the BRST
operator Q. So (32) implies all but the \conventional" constraints which dene the vector
components of superelds in terms of their spinor components and dene the spin connection
in terms of the super-vierbein. As will be shown below, these conventional constraints (up to
gauge invariances) are implied by the holomorphicity of d.
2.4 Heterotic holomorphicity constraints
We shall now derive the constraints coming from holomorphicity of d. Varying  and its
conjugate momentum in (24) and ignoring the contribution from the Fradkin-Tseytlin term
which is higher order in 0, one obtains the equations
@ = −(ΩM @ZM + UI JI) ; @w = (ΩM @ZM + UI JI)w ; (33)
and varying the right-moving variables, one obtains the equations
@ JK = f IKJ (AMI@Z
M +WI d + UI
w) JJ ; (34)
where f IKJ are the Lie algebra structure constants. And by varying d, one obtains the equation
of motion
EM
 @ZM = −WI JI : (35)
Finally, by computing EP (S=Z
P ), one obtains the equation of motion














N ]d + @[P ΩN ]γ




I d + @PUIγ
γw) JI ]:
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(Tbc + Tcb +Hbc)b +
1
2








+[(rW I − TγW γI − UI)d + (rU γI −RγW I )γw] JI ;
where A = EAM@Z
M , A = EAM @Z
M and TABc = TABdcd.
So from (37), @(d) = 0 implies the constraints
T(ab) = Hab = Tc +Hc = Tc
 = 0; Rcγ = 0; FI =
1
2
W γI Hγ ; (38)
FbI = W

I Tb; rW I − TγW γI = UI; (rUI −RγW γI ) = 0;
where  is any spinor satisfying (2).
The constraints of (32) and (38) will now be shown to imply the correct supergravity and
super-Yang-Mills equations of motion.
2.5 N=1 supergravity/super-Yang-Mills constraints
It will be useful to rst consider the supergravity constraints of (32) and (38) which have lowest
scaling dimension since the higher dimensional constraints will be implied by these constraints
through Bianchi identities. At dimension −12 , the only constraint is Hγ = 0 which implies
that Hγ = 0 since there is no non-zero symmetric Hγ satisfying Hγ = 0.
At dimension 0, the constraints Tc = Hc = 0 and Tc = −cdHd im-
ply that Tc = −cdHd = i(γd)f cd for some f cd . The dimension zero Bianchi identity
D(Hγ) = TD(Hγ)D then tells us that f
c
d is an SO(9,1) matrix times a scale factor. So using




c = −cdHd = i(γc): (39)
Note that at this point we still have one local Lorentz symmetry, acting now on both spinor and
vector indices. The connection for this symmetry is ΩM ab. On the other hand, the fermionic
scale invariance has been xed and so it need not be the case that other components of the
torsion should respect this symmetry.
At dimension 12 , the constraint 
T
γ = 0 implies that Tγ = f
γ
c (γc) for some f
γ
c .
Using the shift symmetry of (27), fγc can be gauge-xed to zero so that Tγ = 0. The other
dimension 12 constraints, Hcd = T(cd) = 0, imply through the Bianchi identity r(Tγ)c =
−T(DTγ)Dc that Tγbc = 2cd(γbd)Ω(s) .
At dimension one, the constraint Tc = 0 decomposes into
Tc
 = T defgc (γdefg)
 + T dec (γde)
 + Tc = 0: (40)
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The constraints Tc = 0 and T dec = 0 determine the vector components of the spin connections
Ω(s)c and Ωcde, whereas the constraint T
defg
c = 0 is implied by the Bianchi identity (rH +
TH)bcγ(γbdefg)γ = 0. Similarly, the constraints involving the curvature tensor in (32) and
(38) are implied by the Bianchi identity R[ABC]D = r[ATBC]D + T[ABETC]EF .
To extract the supergravity equations unambiguously from the above constraints it is conve-
nient to reduce the structure group from Lorentz group times fermionic scale to just the Lorentz
group. The dimension zero torsions are unchanged but the dimension one-half torsion Tγ gets
amended to
T
γ ! Tγ − 2(γΩ(s)) = −2(γΩ
(s)
) : (41)
There are corresponding changes at higher dimensions. The leading component of Ω(s) is
the dilatino and to show that there are no unwanted elds one must show that this supereld
is proportional to the spinorial derivative of a scalar supereld  whose leading component is
the dilaton. It is straightforward to verify that this is the case, although it is necessary to go to
dimension three-halves to do so. As discussed in section 5, holomorphicity of d to the next
order in 0 will imply that this scalar supereld  is the same supereld that appears in the
Fradkin-Tseytlin term of (24).
The above supergravity constraints therefore imply that all of the supergravity superelds
can be expressed in terms of the spinor supervielbein EM , and the equation Tc = i(γc)
puts EM on-shell. Similarly, the super-Yang-Mills constraints in (32) and (38) imply that the
super-Yang-Mills supereldsAcI , WI and UI
 can be expressed in terms of the spinor supereld
AI , and the equation FI = 0 puts AI on-shell. So nilpotence and holomorphicity of d
has been shown to imply the N=1 supergravity/super-Yang-Mills equations of motion to lowest
order in 0.
3 Type II Superstring Sigma Model
In this section, the pure spinor version of the Type IIA and IIB superstring will be reviewed
in flat and curved backgrounds. Nilpotence and holomorphicity of d and nilpotence and
antiholomorphicity of ^ˆdˆ will then be shown to imply the superspace equations of motion for
the N=2 supergravity background.
3.1 Type II superstring in a flat background
In the pure spinor version of the Type II superstring, the worldsheet variables consist of the
N = 2 D = 10 superspace variables (xm; ; p; ^ˆ; p^ˆ) for m = 0 to 9 and ; ^ = 1 to 16 where
p is the conjugate momentum to  and p^ˆ is the conjugate momentum to ^ˆ. For the Type
IIA superstring,  and ^ denote SO(9,1) spinors of opposite chirality while for the Type IIB
superstring,  and ^ denote SO(9,1) spinors of the same chirality. The pure spinor formalism
also contains the worldsheet variables  and ^ˆ, and their conjugate momenta w and w^ˆ,
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which are constrained to satisfy the pure spinor conditions
γm = 0; ^γm^ = 0 (42)
for m = 0 to 9. In a flat background, , p,  and w are left-moving while ^ˆ, p^ˆ, ^ˆ and
w^ˆ are right-moving.


















@xm @xm − p^ˆ @^ˆ) + Tˆ; (44)
where S and Sˆ are the actions for 
 and ^ˆ, and T and Tˆ are the c = 22 left and right-
moving stress tensors for  and ^ˆ. As in the heterotic case, the explicit form of S and Sˆ
will not be needed. We will only need to know that one can construct left and right-moving
Lorentz currents, Nmn = 120γ
mnw and N^mn = 120 ^γ










y − z ; (45)
Nkl(y)Nmn(z) ! 
m[lNk]n(z)− n[lNk]m(z)
y − z − 3
knlm − kmln
(y − z)2 : (46)
N^kl(y)N^mn(z) ! 
m[lN^k]n(z)− n[lN^k]m(z)
y − z − 3
knlm − kmln
(y − z)2 : (47)
Physical states of the superstring are dened as vertex operators in the cohomology of the































are spacetime supersymmetric and satisfy the OPE’s
d(y)d(z) ! −i0(y − z)−1γmm(z); d(y)m(z) ! i0(y − z)−1γm@(z); (51)
d^ˆ(y)d^ˆ(z) ! −i0(y − z)−1γmˆˆ m(z); d^ˆ(y)m(z) ! i0(y − z)−1γmˆˆ @^ˆ(z); (52)
To construct the sigma model for the Type II superstring, it will be useful to know the
integrated form of the massless Type II supergravity vertex operator
VSG =
∫
d2z[@ @^ˆAˆ(x; ; ^)+@
 mAm(x; ; ^)+m @^ˆAmˆ(x; ; ^)+m nAmn(x; ; ^)
(53)
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+d(@^ˆEˆ (x; ; ^) +
mEm(x; ; ^)) + d^ˆ(@





Nmn(@^ˆΩmnˆ (x; ; ^) +
pΩmnp (x; ; ^)) +
1
2
N^mn(@Ω^mn (x; ; ^) + 
pΩ^mnp (x; ; ^))
+dd^ˆP
ˆ(x; ; ^) +Nmnd^ˆCmnˆ(x; ; ^) + dN^mnC^mn(x; ; ^) +NmnN^pqSmnpq(x; ; ^)]:
Note that the rst line of VSG is the same as in the Green-Schwarz Type II superstring vertex
operator, but the other lines are needed for the vertex operator to be BRST invariant. The Type
II superstring vertex operator of (53) can be understood as the \square" of the open superstring
vertex operator of (19).
Using (42) and the OPE’s of (45) and (51), one can check that QVSG = QVSG = 0 implies
that
γmnpqrDAγˆ = 0; γ
ˆˆ
mnpqrD^ˆAγˆ = 0; (54)
Anγˆ = − i8Dγ


























^ˆ@m are the N=2 D=10 supersymmetric derivatives.
Equations (54) are the linearized N = 2 supergravity equations of motion written in terms of
the supereld Aˆ, and equations (55) dene the linearized supergravity connections in terms
of Aˆ . For example, the on-shell graviton hnm is contained in the (γ
n)(γm^)ˆhnm(x) of
Aˆ(x; ; ^). These linearized equations will be generalized to covariant non-linear equations in
the following subsections.
3.2 Type II superstring in a curved background
The Type II sigma model action in a curved background (except for the Fradkin-Tseytlin term)
can be constructed by adding the massless vertex operator of (53) to the flat action of (43),
and then covariantizing with respect to N = 2 D = 10 super-reparameterization invariance.
Alternatively, one can consider the most general action constructed from the worldsheet variables
which is classically invariant under worldsheet conformal transformations.
Using the worldsheet variables dened in the previous subsection, we can write the Type II








(GMN (Z) +BMN (Z))@ZM @ZN (56)
+EM (Z)d @Z
M + EˆM (Z)d^ˆ@Z
M + ΩM(Z)w @ZM + Ω^Mˆˆ(Z)^ˆw^ˆ@Z
M + Pˆ(Z)dd^ˆ
+Cγˆ (Z)










0(Z)r] + S + Sˆ
whereM = (m;; ^) are curved superspace indices, ZM = (xm; ; ^ˆ), A = (a; ; ^) are tangent
superspace indices, S and Sˆ are the same as in the flat action of (43), r is the worldsheet
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curvature, and [GMN = cdEcME
d











γˆ ;] are the
background superelds.
If the Fradkin-Tseytlin term,
∫
d2z(Z)r, is omitted (56) is the most general action with
classical worldsheet conformal invariance and zero (left,right)-moving ghost number which can
be constructed from the Type II worldsheet variables. Note that d carries conformal weight
(1; 0), d^ˆ carries conformal weight (0; 1),  carries ghost number (1; 0) and conformal weight
(0; 0), ^ˆ carries ghost number (0; 1) and conformal weight (0; 0), w carries ghost number
(−1; 0) and conformal weight (1; 0), and w^ˆ carries ghost number (0;−1) and conformal weight
(0; 1). Since w and w^ˆ can only appear in combinations which commute with the pure spinor
constraints of (42), the background superelds must satisfy
(γbcde)ΩM
































Although the background superelds appearing in (56) look unconventional, they all have
physical interpretations. The superelds EM A, BMN and  are the supervielbein, two-form
potential and dilaton superelds, Pˆ is the supereld whose lowest components are the Type













ˆ are related to the N=2 D=10 dilatino and gravitino eld strengths. As in
the heterotic sigma model, the form of the metric in the Type II sigma model implies that the
structure group in the bosonic sector is the Lorentz group. But there are now two independent
pure spinors, so one has two independent fermionic structure groups, each consisting of the spin
group times scale transformations. One therefore has two independent sets of spin connections
and scale connections, (Ω(s)M ;Ω
ab




M ), which appear explicitly in the Type II sigma
model action. Finally, the background superelds Sˆγˆ appearing in (56) will be related to
curvatures constructed from these spin and scale connections. Note that a similar relation




d2z(Ωabm(x) a b @x
m + Ω^abm(x)  a  b@x
m + Sabcd(x) a b  c  d) (59)
where  a = eam(x) m,  a = eam(x)  m, and eam(x) is the target-space vielbein.
In addition to being target-space super-reparameterization invariant, the action of (56) is














ΩM = @M + 
γ
ΩMγ
 − γΩMγ ; Ω^Mˆˆ = @M ^ˆˆ + ^γˆˆΩ^Mγˆˆ − ^ˆγˆ Ω^Mˆγˆ ;
 = γ
γ ; w = −γwγ ; ^ˆ = ^ˆγˆ ^γˆ ; w^ˆ = −^γˆˆwγˆ ;
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bc(γbc)ˆˆ, [bc;bc; ^bc] parameterize inde-
pendent local Lorentz transformations on the [vector, unhatted spinor, hatted spinor] indices,
(s) and ^(s) parameterize independent local scale transformations on the unhatted and hatted




γˆ ] transform according to their
spinor indices.
Furthermore, the action of (56) and the BRST operators d and ^ˆd^ˆ are invariant under
the local shift transformations
Ω(s) = (γc)h
c; Ωbc = 2(γ
[b)hc]; d = −Ωγwγ ; (61)
Ω^(s)ˆ = (γc)ˆˆh^
cˆ; Ω^bcˆ = 2(γ
[b)ˆˆh^




ˆ = −P γˆΩ^ˆˆˆ; Sˆγˆ = C^ ˆγˆ Ω + Cˆ Ω^ˆγˆ ˆ
where hc and h^cˆ are independent local gauge parameters and the transformations of Ωγ and
Ω^ˆˆ
γˆ have been chosen such that d = ^ˆdˆ = 0. Note that d and d^ˆ can be treated as
independent variables in (56) since p and p^ˆ do not appear explicitly.
The rst line of (56) is the standard Type II GS action, but the other lines are needed for
BRST invariance. As will now be shown to lowest order in 0, nilpotence and holomorphicity
of d and nilpotence and antiholomorphicity of ^ˆd^ˆ imply the equations of motion for the
background superelds in (56).
3.3 Type II nilpotency constraints
To analyze the conditions implied by nilpotency of Q =
∮
d and Q^ =
∮
^ˆd^ˆ, it is convenient
to use the canonical momenta PM = @L=@(@0ZM) to write
d = EM [PM +
1
2
BMN (@ZN − @ZN )− ΩMγwγ − Ω^Mˆγˆ ^ˆw^γˆ ]; (62)
d^ˆ = EMˆ [PM +
1
2
BMN (@ZN − @ZN )− ΩMγwγ − Ω^Mˆγˆ ^ˆw^γˆ ]:
Using the canonical commutation relations





















(@ZN − @ZN)HˆN −Rˆγγw − R^ˆγˆ ˆ^γˆw^ˆ];
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where DC = EMC (PM −ΩMw−Ω^Mˆˆ^ˆw^ˆ), TAB and RABγ are dened using the ΩMγ
spin connection, and TABˆ and R^ABˆ
γˆ are dened using the Ω^Mˆ
γˆ spin connection.
So nilpotency of Q and Q^ implies that
T
C = HB = R^γˆ ˆ = γRγ = 0; (63)
^ˆ^ˆTˆˆ









for any pure spinors  and ^ˆ satisfying (42). As in the heterotic case, the nilpotency constraints
on RABCD are implied through Bianchi identities by the nilpotency constraints on TABC .
As will be discussed in section 4, the constraints of (63) can be interpreted as Type II pure
spinor integrability conditions and imply all the essential Type II supergravity constraints. The
remaining conventional Type II supergravity constraints will be implied by the holomorphicity
and antiholomorphicity of d and ^ˆd^ˆ.
3.4 Type II holomorphicity constraints
To derive the constraints coming from holomorphicity of d and antiholomorphicity of ^d^,
rst vary , w, ^ˆ and w^ˆ in (56) to obtain the equations
@ = −(ΩM @ZM + Cγˆ d^γˆ + Sˆγˆ ^γˆw^ˆ); (64)








@ wˆ = (Ω^Mˆˆ@ZM + C^
ˆγ




And by computing EP (S=ZP ), one obtains the equation of motion














N ]d + @[P!N ]
w)@ZN + 2(@[PE
ˆ
N ]d^ˆ + @[P Ω^N ]ˆ
ˆ ^ˆw^ˆ)@Z
N




















+TBd B + TBˆB d^ˆ + (rP γˆ + Cγˆ )dd^γˆ +RBγγw B + R^Bγˆ ˆB^γˆw^ˆ
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+rCγˆ wd^γˆ +rC^ γˆˆ d^
ˆw^γˆ +rSγˆˆ
wγ ^




where A = EAM@Z
M , A = EAM @Z
M , TABc = cdTABd, and all superspace derivatives acting on
unhatted spinor indices are covariantized using the ΩM connection while all superspace deriva-
tives acting on hatted spinor indices are covariantized using the Ω^Mˆˆ connection. Furthermore,
the torsion TAB and curvature RABγ are dened as in (31) using the ΩM connection whereas
the torsion TABˆ and curvature R^ABγˆ ˆ are dened using the Ω^Mˆˆ connection. Note that TAbc
appears only in the combination T(bc). This combination is independent of the spin connections
since Ω(s)M and Ω^
(s)




M are antisymmetric in their
vector indices.
Plugging into (66) the equations of motion which come from varying d and d^ˆ,
 = −Pˆ d^ˆ − C^ γˆˆ ^
ˆw^γˆ ; ˆ = P ˆd − Cγˆ wγ ; (67)
one nds that holomorphicity of d implies that
T(bc) = Hcd = Hˆγ = Tc +Hc = Tˆc −Hˆc = 0 (68)
Tc
 + TγˆcP γˆ = Tcˆ − TγcP γˆ = Tγˆ − 12HγP
γγˆ = Tγˆ = 0;








ˆP ˆ +rC^ ˆγˆ − TC^ ˆγˆ = 0;
(Rcγ + TˆcC
γˆ
 ) = 
Rˆ
γ = 0;
(rCγˆ −RP γˆ) = (rSˆγˆ − R^ˆγˆ ˆCˆ −RC^ ˆγˆ ) = 0;
where the last two lines of equations must be satised for any pure spinor . Antiholomorphicity
of ^ˆd^ˆ implies the hatted version of the above equations. The only subtle point is that it implies
Tˆˆc −Hˆˆc = Tˆc +Hˆc = 0, which together with the above equations implies that
Tc +Hc = Tˆˆc −Hˆˆc = Tˆc = Hˆc = 0: (69)
The constraints of (63) and (68) will now be shown to imply the correct Type II supergravity
equations of motion.
3.5 Type II supergravity constraints
The analysis of the Type II constraints of (63) and (68) will closely resemble the analysis of the
heterotic constraints in subsection (2.5). At scaling dimension −12 , the constraints of (63) imply
that
Hγ = Hγˆ = Hˆγˆ = Hˆˆγˆ = 0 (70)
since there is no non-zero symmetric Hγ and Hˆˆγˆ satisfying 
Hγ = 0 and ^ˆ^ˆHˆˆγˆ =
0.
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At dimension 0, the constraints Tc = ^ˆ^ˆTˆˆ
c = 0 imply that Tc = i(γd)f cd
and Tˆˆ
c = i(γd)ˆˆ f^
c




c . Using the dimension zero H Bianchi identities
and the local Lorentz and scale transformations of (60) for the unhatted and hatted spinor
indices independently, both f cd and f^
c
d can be gauge-xed to 
c
d. After this gauge-xing, the
only remaining gauge invariance is a single local Lorentz invariance which acts on all spinor and
vector indices in the standard fashion. Combining with the other dimension 0 constraints of
(63) and (68), one has
T
c = −cdHd = i(γc) ; Tˆˆc = cdHˆˆd = i(γc)ˆˆ; Tˆc = Hˆc = 0: (71)
At dimension 12 , the constraints 
T
γ = 0 and ^ˆ^ˆTˆˆ
γˆ = 0 imply that Tγ =
fγc (γc) and Tˆˆ




c . Using the shift symmetries of (27), both f
γ
c
and f^ γˆc can be gauge-xed to zero so that Tγ = Tˆˆ
γˆ = 0. The other dimension 12 constraints,
Hcd = T(cd) = T
γˆ = Tˆ
γ = 0; (72)
Hˆcd = Tˆ(cd) = Tˆˆ
γ = Tˆ γˆ = 0;









where Tγbc is dened using the ΩbcM spin connection and T^γˆb
c is dened using the Ω^bcM spin
connection. Furthermore, the Bianchi identities (rT + TT )c
ˆγˆ
= 0 and (rT + TT )cˆγ = 0
imply that
T^b




 = 0 (74)
where T^bc is dened using the Ω^bcM spin connection and Tˆb
c is dened using the ΩbcM spin
connection.
At dimension one, the constraint Tc = Tcˆˆ = 0 decomposes into
Tc
 = T defgc (γdefg)
 + T dec (γde)
 + Tc = 0; (75)
Tcˆ
ˆ = T^ defgc (γdefg)ˆ




The constraints Tc = T^c = 0 and T dec = T^
de
c = 0 determine the vector components of the spin
connections Ω(s)c , Ω^
(s)




c = 0 is implied by
the Bianchi identities (DH + TH)bcγ(γbdefg)γ = 0 and (DH + TH)bcˆγˆ(γbdefg)ˆγˆ = 0. The
constraints Tcˆ = (γc)γP γˆ and Tˆc = (γc)ˆγˆP^ γˆ for some P γˆ and P^ γˆ are implied by the
Bianchi identities (rT + TT )ˆγ = (rT + TT )ˆˆγˆ = 0. And P
γˆ = P^ γˆ is implied by the
Bianchi identity (rT + TT )c
ˆc
= 0. Similarly, all other constraints in (63) and (68) are either





in terms of the supervielbein.
The above constraints imply that all background superelds appearing in the action of (56)
can be expressed in terms of the spinor supervielbein EM and EMˆ . Furthermore, the constraints
T
c = i(γc) ; Tˆˆ
c = i(γc)ˆˆ; Tˆ
c = 0 (76)
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imply the on-shell equations of motion for EM and E
M
ˆ . So the constraints of (63) and (68) imply
the Type II supergravity equations of motion. In the following section, the above pure spinor
description of Type IIB supergravity will be related to the Howe-West (HW) description of [30].
It should similarly be possible to relate the pure spinor description of Type IIA supergravity to
the IIA superspace description of [33].
4 Relation with the SL(2, R) Covariant Description of IIB Su-
pergravity
In this section we shall demonstrate that the constraints on the torsion for IIB derived in the
preceeding section are indeed equivalent to the HW equations of motion of IIB supergravity
described in [30]. We shall do this by rst showing that the latter are generated by the stan-
dard dimension zero torsion constraint and then exhibiting the explicit transformation from the
standard IIB superspace torsions to those derived above. In order to carry through the rst step
we use the method of Weyl superspace and then we reduce the structure group to the Lorentz
group. In order to establish the result fully we also have to examine the scalars in the theory.
The complete IIB supergravity theory was derived from a superspace perspective in [30].
However, although complete results were given there for all of the superspace eld strength
tensors, no attempt was made to identify a minimal generating set of constraints. Moreover,
the HW formalism is manifestly locally U(1) and globally SL(2;R) invariant and this is not
convenient for the applications we have in mind here. We shall work initially in an SO(2)
formalism (rather than U(1)) since this will be easier to adapt to our purposes.
For IIB superspace we use the same HW conventions as in [30], although we use γ to denote
the 16  16 spin matrices instead of . To convert SO(2) spinor indices i; j; ::: to U(1) indices,
we write
vi ! v = 1p
2
(v1  v2) (77)
and
vi ! v = 1p
2
(v1  v2): (78)
So the metric and -tensor are
+− = 1; +− = −i; +− = i; ++ = i: (79)
The summation is therefore uivi = u+v+ + u−v−. 4 To convert SO(2) vector indices r; s; ::: to
U(1) indices, we have






4This causes a slight problem in the superspace summation convention which should be taken to be uivi =
u+v+ + u
−v−, whereas in [30] one nds uv− u¯v¯. So, in converting from HW conventions to SO(2), one
has to remember to insert an extra minus sign for downstairs − indices. This means, for example, that we must
take Tij
c = iij(γ
c) since then one nds T+−c = i(γc) ) T¯c = −i(γc) in agreement with [30].
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(v1  v2) (82)
for vector indices and this is consistent since (++)++ = 1.
In subsection (4.1), we shall rst show that the equations of motion of IIB supergravity
follow (up to topological niceties) from the usual dimension zero constraint
Tij
c = iij(γc) : (83)
We shall do this by working in Weyl superspace, i.e. we shall include a scale factor in the
structure group. Following through the consequences of this we nd that the scale curvature
vanishes so that the scale connection is pure gauge. If we then take it to vanish we recover the
equations of [30]. This procedure is very similar to the approach used in [31] to prove that the
equations of motion of D = 11 supergravity follow from the standard dimension zero constraint.
Since the standard dimension zero constraint of (83) is required by the nilpotency of Q, it
then follows that the equations of motion of IIB supergravity are indeed implied in the pure
spinor formalism. However, as we have seen, there are many other equations at dimensions
greater than zero that are required to hold either by the nilpotency or by the holomorphicity of
Q. In subsection (4.2), we shall check these explicitly at dimension one-half by comparing our
results with those of section 3.
In the HW superspace description of Type IIB supergravity, SL(2;R) global symmetry is
manifest since the two scalars are described by an SO(2)nSL(2;R) coset. However, this SL(2;R)
symmetry is not manifest in the pure spinor description since the dilaton and axion do not appear
in an SL(2;R) covariant manner. In subsection (4.3), we will relate these two descriptions of
the Type IIB scalars and will show that the target-space metric appearing in the pure spinor
version of the Type IIB sigma model is in string gauge.
4.1 Weyl superspace
To get the superspace constraints under control it is useful to include a scale factor in the
connection. The structure group is then Spin(1; 9)Spin(2)R+. The full connection (denoted
by a tilde) is
~Ωab = Ωab + 2ab (84)
~Ωij = ijΩ + (ij + ij) (85)
where Ω;; are respectively the connections for the Lorentz, U(1)(= Spin(2)) and scale fac-
tors. We shall use the notation Ω0 to denote the Spin(1; 9)  U(1) connection, so Ω0  Ω + .
Similarly, for the curvatures we have ~R  R0+M  R+M+N where M and N are respectively
the U(1) and scale curvatures.
At dimension one-half we nd, using the Bianchi identity
~D(i ~Tjγk)
d + ~T(ij
E ~TjEjγk)d = 0 (86)
19
and the freedom to choose the dimension one-half components of the connection and the even
basis vectors Ea, that the dimension one-half component of the torsion tensor is
~Tijγk = −i(γaγa − 2)()γijk (87)
where ijk is totally symmetric and traceless on its Spin(2) indices, while
~Tbc = 0: (88)
This is exactly the same as in [30], and we identify the HW spinor eld  by
 =
p
2(222 + i111) = i−−− (89)
 =
p
2(222 − i111) = −i+++: (90)
At dimension one one has to solve two Bianchi identities
~Rij;cd = ~TijE ~TEcd + ~Tcim ~Tmjd + ~Tcjm ~Tmid
~R(ij;γk)





After a long and tedious calculation one can show that the only non-zero dimension one com-
ponents of the curvature and torsion tensors are those which correspond to the dimension one
components of the IIB supergravity multiplet, that is Fabc; Pa; Gabcde together with fermion bi-
linear terms. The tensors F;P and G are asociated with the antisymmetric tensor gauge elds
of the theory and the scalar elds (Pa is essentially the derivative of the scalar elds). One also
determines the spinorial derivative of  and the dimension one component of the U(1) curvature
M in terms of these physical elds. Moreover, one nds that the dimension one component
of the scale curvature N vanishes, Nij = 0. From this, one immediately concludes with the
aid of the scale curvature Bianchi identity, dN = 0, that the whole of N vanishes and so the
scale connection is pure gauge as anticipated. At this stage we can set the scale connection
equal to zero and recover the HW torsions and curvatures of [30]. From these results one can
then construct super extensions of F;G;P which satisfy corresponding Bianchi identities. In
particular, one can deduce the existence of the two scalar elds described by an SL(2;R)nU(1)
coset space.
4.2 Lorentz superspace
To recover the form of the torsion and curvature tensors derived from the pure spinor formalism,
we need rstly to restrict the structure group to be the ten-dimensional spin group. This means
that the components of  and  will appear in the redened torsion. Moreover, we shall choose
a dierent scale gauge from  = 0 which means that  = −dS for some scalar eld S and also
that there is change of basis with respect to the HW basis, i.e. Ea = e2sEaHW , etc. Explicitly,
we have




















and where the mixed spinor-vector components of I and J are zero. In particular, at dimension
one-half, we have











~Tibc = Tibc + 2bci: (95)
We shall also have to shift the Lorentz connection as
Ωbc ! Ω(1;2)bc = Ωbc + (γbc)Y (1;2) : (96)
The notation here is that the connection labelled i = 1; 2 will act on spinor indices with the
same internal index label. Since the two connections will be dierent, this procedure manifestly
breaks SO(2). For the moment we shall suppose that the vector indices are acted upon by the
original Ω. Finally, in order to make a direct comparison to the earlier results we shall have to
shift the vectorial basis Ea by















2 = −i222; (98)
and if, in addition,
1 = −i222;
2 = i111;
1 = − i2111;
2 = − i2222; (99)
then we nd that all components of the redened Tijγk vanish except for
T11
γ1 = −2(γΩ(s)) ;
T22
γ2 = −2(γΩ^(s)) (100)
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where
Ω(s) = i111; Ω^
(s)
 = i222: (101)
















c = 2(γbcΩ^(s)): (102)
We shall verify that equations (99) are indeed satised in the next section. For the moment,
assuming that they are, we are now in a position to compare directly with the dimension one-half
results coming from the pure spinor formalism. In order to do this, we remove the fermionic scale
connection from the type II structure group. After identifying the indices (1; 2) = (; ^), we
nd that the only non-vanishing components of the redened torsion with three spinorial indices
are those of (100). The vectorial torsions, which do not need to be redened, are those of
(102). We have therefore succeeded in demonstrating that the torsions derived from the pure
spinor formalism are indeed in agreement with those of [30] after suitable eld redenitions. To
complete the picture we must verify that  = −dS and that the expressions given for i in
(99) are correct. To do this, we need to examine the scalar elds in the theory.
4.3 Scalar elds
The scalar elds take their values in the space SO(2)nSL(2;R). We describe then by a real two
by two matrix U acted on by U ! hUg−1, for h 2 SO(2); g 2 SL(2;R). In index notation
we write UrR. Note that r is vector SO(2) index while R is an SL(2;R) doublet index. The
Maurer-Cartan form M is given by
M = dU U−1: (103)
Since it is Lie-algebra valued it can be written as
Mrs = Prs + 2rs (104)
where  is the U(1) connection of (85) and P rs is symmetric traceless, i.e. in complex notation
we have P++++ := P where P is the HW one-form dened in [30]. The Maurer-Cartan equation,
dM+M2 = 0, implies that
DP = 0 (105)
M = − i
2
P ^ P (106)
where M is the U(1) curvature tensor.
There is a HW SL(2R) doublet of three-form eld strength tensors ~FR, and we dene
F := U ~F . Assuming that d ~F = 0 we nd that
DFr = PrsFs (107)
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As before, we can identify F−− = F++ with the eld F of [30]. In a complex basis (107) reads
DF = P ^ F (108)
as in [30].
The eld U is not quite the same as the HW eld V. The two are related by
U = V−1: (109)
The Maurer-Cartan form is then



















In the second line of (110), we have used the formula for the Maurer-Cartan form in [30] (with
 instead of Q), and in the nal line we have the correct expression in the new conventions in
a complex basis.
In the physical gauge we can write the components of U in terms of  := 1+i2 := C0+ie−Φ








and one can check that  has the expected transformation under SL(2;R), i.e.
 ! a + b
c + d
(112)













1 + i 1− i
1 + i 1− i
)
: (114)












In the HW description, P++++ is related to jkl of (87) by
P++++ = 2E++++ + E
aP++++a (117)
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and  is chiral, i.e. D = 0. This implies
D1Co = −e−ΦD2  (118)
D2Co = e−ΦD1  (119)
Using this we can express the components of  as
111 = − i4D1; (120)
222 = − i4D2: (121)
We can also express the components of  in terms of D as





Now earlier we found what the U(1) and scale connections had to be chosen to be at
dimension one-half in order to achieve Q-integrability. We required












where  is the scale connection and where the prime indicates the basis which is related to the
unprimed HW one by E0i = eSEi; E0a = e2SEa. We also required  = −dS, since it is pure





In addition, if we compare the expressions for the components of  and  in terms of D,
we see that they agree, and so everything works as expected. If we dene bosonic metrics by
G = Eb ⊗ Eaab; (129)
G0 = E0b ⊗ E0aab; (130)
then G0 = e
Φ
2 G. This means we can identify G0 with the string metric and G with the Einstein
metric, so the conformal transformation we need to make is precisely the one which goes between
the two frames.
5 Higher Order α0 Corrections
In this paper we have veried to lowest order in 0 that nilpotence and holomorphicity of
the pure spinor BRST operator implies the superspace equations of motion for the background
24
supergravity elds. The next question to investigate is how these superspace equations of motion
are modied by higher order 0 corrections to the nilpotency and holomorphicity conditions.
Since the sigma model is a free action in a flat background, one can compute these corrections
using standard sigma model methods by separating the worldsheet variables into classical and
quantum parts and expanding in normal coordinates around a flat background.
When the background elds satisfy their string-corrected equations of motion, one expects
that the -functions of the sigma model should vanish, i.e. that the sigma model remains
conformally invariant at the quantum level. However, unlike the bosonic string sigma model,
quantum conformal invariance is not expected to imply the complete set of equations of motion
for the background elds. In addition, one needs to impose the conditions that, at the conformal
xed point, d is holomorphic and nilpotent. It should be possible to impose these nilpotence
and holomorphicity conditions perturbatively in 0 by computing contributions of the quantum
worldsheet variables and the Fradkin-Tseytlin term to the equations of motion and OPE’s of 
and d.
The necessity of imposing BRST nilpotence and holomorphicity can be seen at the lin-
earized level by analyzing the superstring vertex operators of (17), (18) and (53). When the
superelds in these vertex operators are on-shell to linearized order, one can check that the ver-
tex operators have no poles with the stress tensor T and therefore preserve quantum conformal
invariance. However, the condition of having no poles with T is weaker than BRST invariance
(i.e. [Qflat; V ] = 0) and does not imply the complete set of linearized on-shell conditions. Note
that Q = Qflat + V to linearized level, so [Qflat; V ] = 0 implies that Q is nilpotent to linearized
order.
Besides the Chern-Simons modications to the three-form eld strength, the rst superstring
corrections to the supergravity equations of motion are expected to come at order (0)3, e.g. from
the R4 term. Since the supergravity equations of motion are implied by classical nilpotence and
holomorphicity of the BRST operator, one expects to see these (0)3 corrections to the equations
at three loops in the nilpotence and holomorphicity conditions. However, already at rst order
in 0, there are several non-trivial one-loop contributions to the nilpotence and holomorphicity
conditions which must be cancelled by contributions from the Fradkin-Tseytlin term and from
the Chern-Simons modication to the three-form eld strength.
For example, for the heterotic superstring, the term EP (−ΩPγ @(γw)−API@ JI) appear-





M @ZN ; (131)
@(γw) = −12




where r is the worldsheet curvature and the coecient 18
0 in (132) can be obtained by computing
the coecient of the triple pole of γw with the pure spinor stress tensor T and dividing by
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γ −AIP@[MAIN ])@ZM @ZN : (133)
After including other one-loop contributions coming from contractions of the quantum world-








PMN = 3 Tr(Ω[P@MΩN ] +
2
3




is the Chern-Simons three-form constructed from the gauge, scale and Lorentz connections.









0rD to @d. So the 0r contribution to @d is cancelled if the heterotic
dilaton supereld  is related to the scale connection Ω(s)P by
D = 4EP Ω
(s)
P ; (135)
which can be checked to imply that the metric is in string gauge.
Since @d of (36) also contains the term 12E
P
HPMN@Z
M @ZN , the second term in (133) can
be cancelled by redening
HPMN ! HPMN − 0w(CS)PMN : (136)
As in the RNS sigma model [35], the need for redening HPMN can also be seen by requiring
gauge invariance of the sigma model action. Because of (131) and (132), the action of (24)
is invariant under local gauge, scale and Lorentz transformations only if BMN is dened to
transform as
BMN = 0(@[MAIN ]
I − @[MΩ(s)N ](s) − @[MΩabN ]ab) (137)
where I , (s) and ab are the gauge parameters.
Similarly, for the Type II superstring, the anomalies
@(γw) = −12
















D = 4EP Ω
(s)





One can check for the Type IIB superstring that (139) agrees with the relation found in equation
(121), which conrms that the metric is in string gauge. Furthermore, the terms in (138) suggest
that one should redene the Type II three-form eld strength as
HPMN ! HPMN − 0(w(CS)PNM − w^(CS)PNM) (140)
5The triple pole of γw with T can be computed using the formulas of [34] where 
w = 2
0@h is the ghost-






(@h)2 − 2@2h is the pure spinor stress tensor, and h(y)h(z)! − log(y − z).
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where w(CS) is a Chern-Simons three-form constructed from the unhatted spin connections Ω(s)P
and ΩabP , and w^
(CS) is a Chern-Simons three-form constructed from the hatted spin connections
Ω^(s)P and Ω^
ab
P . However, since the dierences of the vector components of the spin connections,
Ω(s)c − Ω^(s)c and Ωabc − Ω^abc , are expected to vanish on-shell, the vector components of the three-
form, Habc, are not expected to be aected by (140).
It would be interesting to verify that these and other one-loop corrections to the BRST
nilpotency and holomorphicity conditions are cancelled by the Fradkin-Tseytlin term and the
Chern-Simons modications to the three-form. It would also be interesting to verify that the
sigma model actions of (24) and (56) are indeed conformally invariant at the quantum level
when the background elds are on-shell.
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